For the system of the quasiparticles interacting with arbitrary number of phonon modes at T = 0 K on the basis of the Feinman diagram technique the exact representation of the Green function in the form of the in nite branching integral fraction was obtained. It is shown that thus the developed method of the calculation of the Green functions monotypically takes into account virtual many-phonon processes, it gives an opportunity to obtain the spectrum of the system at the arbitrary binding values and in any region of energies and quasiimpulses quickly and e ectively. It is established that in the system of dispersionless quasiparticles interacting with many-mode phonons the excited states are convergent in nite series of energy levels.
Introduction
The Green function (GF) method is one of widely spread in the theory of the quasiparticles interacting with phonons. Although the di erent methods of the GF calculation are known, only for the systems with ordinary Hamiltonians sometimes one can perform the canonical or unitary operator transformation which provides the exact solution of the problem of the system spectrum renormalized due to the interaction 1]. In any general case the GF theory is based on the expand into a range by all possible powers of the interaction energy. It is true for all types [1] [2] [3] of the Bogolybov method which uses the equation of motion for the operators as well as for traditional types of the Feinman diagram technique 4, 5] .
It is well known that the basic mathematical problem of the general theory of GF is the fact that in case of the non-weak interaction when it is necessary to take into account higher orders of the theory, the discrepancies of non-physical nature arise. The reason of their appearance had been clear long ago. In 1961 D.Pains wrote in his paper 6] that the nature \did not agree" with the use of power series expand in the many-body problem.
The GF theory which does not use any power series expand was developed by the author of 7, 8] for the system of quasiparticles interacting with one-mode phonons. It was based on the cardinal rebuilding of the ranges of the traditional Feinman diagram technique which provided an opportunity to obtain the exact representation of quasiparticles GF in the form of an in nite continued integral fraction. Similar in its conception another essentially di erent method of the GF representation in the form of the in nite 108 M.V.Tkach continued integral fraction was developed later in the papers 9,10] for the systems with the same Hamiltonian as in 7] .
The e ectiveness of the developed method of taking into account virtual many-phonon processes researching the spectrum of quasiparticles tightly bound with phonons in the region of arbitrary values of energies and quasiimpetus was demonstrated in the papers 7, 8] and in the next papers [10] [11] [12] [13] on the examples of particular systems.
The main purpose of this paper is the generalization of the method of e ective accounting of virtual many-phonon processes when calculating quasiparticles GF developed in the paper 7] in application to the systems having an arbitrary number of modes. It will be shown that for such systems the quasiparticles GF has the exact representation in the form of an in nite branching integral fraction (IBIF). The quasiparticle-phonon binding functions in any branches of this object are in the form of the squared module. Therefore such representation does not contain di erent powers and it is e ective at any values of the interaction energy. When the phonon system has only one mode of vibrations, the branching fraction degenerates into continued and the GF complies with the results obtained in paper 7] .
In the present paper the energy multiplier more compact than the one in the paper 7] is suggested. It is easily applicable to the calculation of particular systems. The approach developed in this paper is used to analyse a spectrum of dispersionless quasiparticles interacting with many-mode phonons. The high e ciency of this method at the arbitrary binding forces is demonstrated. New peculiarities of such systems spectrum are established. To obtain a quasiparticle spectrum renormalized due to the interaction one has to build a Fourier image of the total GF G(k; ! 0 ). It is de ned by
(2) using the total mass operator (MO) as a set of the all irreducible Feinman diagrams. In order to receive the representation of MO in the form of IBIF as in the paper 7] we present all diagrams of the MO not simply in the consistency of an increasing number of tops, but arrange them in accordance with two important peculiarities ( gure 1): in the order of the power of the squared module of the interaction function (the Roman numerals above the diagrams) and the maximal number of phonon (dashed) lines passing above one of the quasiparticle (solid) lines in the diagrams of the indicated group.
In nite branching integral fraction method in : : : 109 The Arabic numeral (n) indicates the maximal number of virtual phonons participating in the interaction processes described by the given class of diagrams. 
The diagrams of class (II) describing two-phonon processes of the rst order of the binding function squared module give = Analysing a complete class of diagrams (2), ( gure 1) one can be convinced (using an expansion into a geometrical progression series) that a complete in nite set of diagrams accounting one-and two-phonon processes can be obtained as a result of the renormalization of one-phonon MO energy denominator. Consequently, two-phonon MO M 
The renormalization procedure is universal and true for any order of (n). As the result of its application one can obtain the exact representation of MO in the form of IBIF (since the sum over the wave vectors is considered as the respective integrals) In case when phonon system has only one mode of vibrations ( = 1)
MO (8) and coe cients A n (9) are equal to the expressions in paper 7] obtained for such model. The di erence in notation is caused by the fact that in paper 7] the abowe result was obtained in the tedious form while expression (9) is compact and convenient for the use. Thus, formulas (2, 8, 9) are the exact solution of the problem to obtain an analytic expression for the Fourier image of the total GF of the system of quasiparticles interacting with phonons de- The topological unity of MO structure (8) allows us to produce an algorithm for its calculation comparatively easily when the dispersion laws of quasiparticles (" k ), phonons ( q ) and binding functions (' (q)) are xed. Hence one has to make a truncation of the branching fraction of such order (n) that ensures a necessary exactness when calculating MO. It is clear that the bigger the interaction value j' (q)j 2 is the larger the order (n) becomes, which is to be accounted. However as we shall further demonstrate on the example of the concrete model even in the cases when the interaction energy is much bigger than the highest energy of phonon modes, one has to take into account not high number of n-phonon processes to obtain the exact result.
In the next section of the present paper the e ciency and usefulness of the mathematical method developed here will be demonstrated to calculate the MO on the example of the system of dispersionless quasiparticles interacting with dispersionless phonons of an arbitrary number of modes. The solution of this problem provides a proof of the exactness of this method since one can compare it with the exact limit result obtained by another independent method. Besides, one can get an upper evaluation of the exactness of the renormalized spectrum of quasiparticles with any dispersion law interacting with phonons having a dispersion.
Spectrum of the system of dispersionless quasiparticles interacting with dispersionless phonons of an arbitrary number of modes
As an example of the application of the calculating GF Fourier image method developed in the previous paragraph we examine a system of quasiparticles (localized excitons, impurities, etc.) interacting with dispersionless phonons of an arbitrary number of modes (optical vibrations of interbulk and interface modes). Hence " k = ", q = and since the sum over q in MO (8) is now related to the binding functions only; it is convenient to introduce term ) (10) it is impossible to obtain the exact spectrum of the system using it directly. When operator of the number of quasiparticles is equal to that squared one can perform a canonical transformation 1] de ning the renormalized energy 
it was analysed in details in the paper 7]. The monotype structure of the branches of all orders of MO in the form (12) gives opportunity to obtain the spectrum solving the dispersion In the region of the excited states the frequency dependence of MO of quasiparticles interacting with one-, two-, or many-mode phonon systems is fairly di erent. In case of a one-mode phonon system ( gure 2) between two arbitrary neighbouring energies of excited states the quasiparticles MO as a function of frequency has one rupture. Therefore, the dispersion equation In case of two-mode ( gure 3) or many-mode systems in all frequency regions between any two neighbouring combinations of phonon energies MO has not one but an in nite number of ruptures the distance between which vanishes when the frequency increases. It means that in the region of all possible frequences of the excited system there exists not one state with the energies de ned by formula (17) but indeed in every region there is an in nite set of energy states creating a series converging into the region of higher energies ( gure 3). The situation described here is clear from the physical considerations. Indeed, the interaction between the quasiparticles and phonons of di erent modes is equivalent to the interaction of the phonons of di erent modes with each other through a system of quasiparticles. Naturally, such interaction causes the cardinal rebuilding of the phonon spectrum and thus creates a complicated spectrum of the excited states of the system. Neglecting the di erence between the operator of the number of particles and its square value to realize the canonical transformation brings to the ctitious degeneration of the in nite series of the system excited states. Since the basic renormalized state of the system corresponding to the energy of the quasiparticle is not degenerated (according to the quantum mechanics principles) thus the values of this energy are equal in the both methods of calculation. The total spectrum of the system is also equal in the both methods due to the absence of intermode interaction in one-mode phonon model (it is shown in the gure by means of the vertical dashed lines in the corresponding regions of the variable ).
In gure 4 (parts a, b, c) the results of the calculation of the renormalized values of the basic state energies ( From gure 4 one can see that in case of weak binding when the interaction energy is less than the energy of the respective phonon ( s < 1) the accounting of some rst groups of branches in MO gives rather an exact result for the energy values of the renormalized basic states ( 0 ). With an increase of the number of system modes and interaction value the xed exactness of the calculated value is reached by means of the increasing number of the accounted groups of branches in MO. However, it is clear that this value is comparably small even when the interaction energy is 2-4 times bigger than the energy of respective phonon modes.
The calculation of 0 in the one-mode model showed that in the case of tight binding when e.g. the interaction energy is one order bigger than phonon energy ( = 10), the renormalized value of the basic state energy at n = 25 is (n=25) 0 = ?9:99983. It di ers from the exact 0 = ?10 less than by 0.002%. Thus one can make a conclusion that taking account the possibilities of computers the IBIF method provides the e ective way to calculate the spectrum of the system of quasiparticles interacting with phonons at arbitrary binding values. It does not cause the non-physical discrepancies in the higher orders of the theory (what is inherent to the traditional diagram technique approach 4-6]). On the contrary, taking into account the groups of branches of higher orders regularly approximates the exact spectrum more precisely. Mathematical reasons for such a positive situation are the fact that in the approach developed in the present paper the expansion in power series of binding functions is not present in an evident form with which as Pains mentioned correctly in 6] \nature does not agree".
